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A central problem [l] in the perturbation theory of unitary transformations 
is studied. The problem is formulated in the vector generalization [2] of the 
theory of square summable power series [3]. 
In the usual notation for square summable power series, %Y is a fixed Hilbert 
space which is used as a coefficient space. A vector is always an element of 
this space. An operator is a bounded linear transformation of vectors into vectors. 
For every vector a, z is the linear functional on vectors defined by the inner 
product & = (b, a) for every vector b. The absolute value symbol is used for 
the norm of a vector and for the operator norm of an operator. I f  a and b are 
vectors, a6 is the operator defined by (a&) c = a(&) for every vector c. 
The underlying Hilbert space is the space U(x) of square summable power 
series f(z) = C Q,P with vector coefficients, Ilf(s)i\” = C 1 a, 12. Basic con- 
structions are made using any power series B(z) with operator coefficients such 
that B(z)f(z) belongs to W(z) whenever f(z) belongs to e(z) and such that the 
inequality II W4fWll G llf(dl h o s Id f or every element f(z) of U(z). An equi- 
valent condition is that B(a) converges and represents a function which is 
bounded by one in the unit disk. The B-norm of an element f(x) of U(z) is 
defined by 
Il.m% = suP[llfw + w4d4/2 - II &N”1 
where the supremum is taken over all elements g(z) of U(z). The set X(B) 
of elements of V(z) with finite B-norm is a Hilbert space in the B-norm. The 
space is contained in %7(z) and the inclusion does not increase norms. The space 
contains [l - B(x) B(w)] c/(1 ~ zW) f  or every vector c when 1 w 1 < 1 and the 
identity 
NW) = <f@), El - B@) Rw)l c/u - zq>zl 
holds for every element f(z) of the space. 
The related space Z(q) is constructed from any power series v(z), having 
operator coefficients, which converges and represents a function with nonnegative 
real part in the unit disk. The elements of the space are power series with vector 
coefficients which converge and represent vector valued analytic functions in the 
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disk. The space contains [v(z) + q(w)] c/(1 - a~) for every vector c when 
1 w 1 < 1 and the identity 
Gf(4 = (f(G M4 + QWI c/u - @))ad 
holds for every element f(z) of the space. If U(v) is a given space, a space 
S(B) exists such that 
The transformation which takes f(z) into [I + B(z)] f(z) is an isometry of 
L?(v) onto X(B). 
The space Z’(p) is interesting for its relation to the difference-quotient 
transformation. The series [f(x) -f(O)]/x belongs to the space whenever 
f(z) belongs to the space, and the inequality 
holds for every element f(z) of the space. The transformation which takes f(s) 
intO CfC4 - f@>lfz h as an isometric adjoint in the space. This property 
essentially characterizes such spaces: A Hilbert space of formal power series 
with vector coefficients such that the transformation which takes f(z) into f(0) 
of the space into % is continuous is isometrically equal to a space S’(v) if it is 
invariant under the transformation which takes f(z) into [f(x) - f(O)]/z and 
if the transformation has an isometric adjoint in the space. 
A space derived from a space S?(q) is needed for the study of unitary trans- 
formations because the difference-quotient transformation need not be isometric 
in the space. The extension space b(q) of -E”(9) is a Hilbert space whose elements 
are pairs U(Z), &>> of P ower series with vector coefficients. The pair (f(z), 
g(x)) belongs to the space if f(z) belongs to 2’(v) and if g(x) = C u,zn where 
belongs to Z(v) for every nonnegative integer n and the sequence of norms 
is bounded. The norm sequence is nondecreasing because the difference- 
quotient transformation does not increase norms. The norm in a(v) is defined 
by 
Il(f(4,g(~))lldp(~~ = lim II Zn+lf@) + 6.+” + --* + a, Ilad . 
The transformation which takes (f(z), g(z)) into 
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is unitary in 6(v). The transformation which takes (f(z), g(z)) into f(z) is a 
partial isometry of 8(y) onto LP(cp). 
For every space Y(q), a space Z(q*) exists, v*(z) = C qnzn if cp(x) = C vnizn. 
The pair 
(b(4 + 9-+91 c/u - ZfG rv*c4 - @9lc/(~ - 73) 
belongs to 6?(v) for every vector c when 1 w j < 1. The identity 
holds for every element (f(z), g(z)) of the space. The transformation which 
takes (f(z), g(z)) into (g(x),f(z)) is an isometry of b(v) onto S(q*). 
In the perturbation theory of unitary transformations, pairs of spaces -Y(v) 
and -II”(#) arise such that v(z) and $( ) z are reciprocals. The transformation 
which takes (f(z), g(z)) into (p)(z)f(z), -v*(z) g(z)) is then an isometry of 8(#) 
onto &(v). This allows the unitary transformations which take (f(z), g(z)) into 
([f(z) - f(O)]/z, zg(s) + f(0)) in the spaces C?(T) and a(#) to be regarded as 
perturbations of each other. A fundamental identity of perturbation theory 
states that 
for all elements (f(z), g(z)) of a(,) and (U(Z), V(Z)) of b(#). This situation forms 
a canonical model of the general perturbation problem for unitary transforma- 
tions. 
If U and V are unitary transformations in a Hilbert space and if no nonzero 
element of the space is in the kernel of Un - Vn for every integer n, then U and 
V are unitarily equivalent to the above unitary transformations in C?(T) and a($) 
for some choice of &z) and J/(Z). Th e unitary equivalences are consistent with 
the above isometry of b(v) onto b(#). 
The central problem of perturbation theory is concerned with the properties 
of a transformation, called the wave limit, which formally gives unitary equiv- 
alence between prescribed parts of the spectra of any two given unitary trans- 
formations in a Hilbert space. A computation of the wave limit is obtained 
through the canonical model of the perturbation situation. A transformation 
results from the space P(v) into the space P(4) when v(x) and 4(z) are reci- 
procals. 
THEOREM 1. If .2(v) and 64(#) are spaces uch that 
d4 364 = 1 = e4 dz>, 
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then the transformation which takesf(z) into v(x)f(z) is an isometry of dp(#) onto 
Y(y). A transformation W(#, p’) of 9(y) into S?(4) exists such that the identity 
(fb4 d4 &Dav) - <&), h(4)zw = Xf(4, h(4) 
holds for every square summable element h(3) of 2(#) whenever f  (z) is a square sum- 
mable element of 9(v) and W(& v) takes f  (2) into g(x). The transformation is 
bounded by one, it vanishes on the orthogonal complement in L?(v) of the square 
summable elements of Y(rp), and its range is contained in the closure in P’(4) of the 
square summable elements of 2(#). The transformation takes [f (2) -f (0)1/z into 
[g(z) - g(O)]/x whenever it takes f(z) into g(z). 
The transformation W(#, v) will be referred to as the wave limit of Y(y) 
into Y(#). Its adjoint is the wave limit W(y, I,!J) of 2’(#) into 9(y). The problem 
is to show that these transformations are nontrivial. When they are well-behaved, 
they are partial isometries with the range of W(#, p’) equal to the closure in 
2(#) of the square summable elements of P(#) and the range of W(p, 9) equal 
to tle closure in P’(p)) of the square summable elements of P(v). 
The perturbation theory of unitary transformations is a limiting case of a 
perturbation theory of nonunitary transformations. A basic concept in the theory 
is the overlapping space of a space S(B). 
A necessary and sufficient condition for a space X(B) to be contained iso- 
metrically in U(Z) is that it contain no nonzero element of the form B(z) f  (z) 
withf(a) in F(Z). The overlapping space 2 of a space Z(B) is the set of elements 
f  (2) of V(Z) such that B(z) f  (x) belongs to Z(B). The overlapping space is a 
Hilbert space in the norm 
llf(4l& = iif @iI” + II %)f (4: . 
The series [f (,s) -f (O)]/x belongs to 2 whenever f(z) belongs to 2, and its 
norm does not exceed the norm off(z). The transformation which takes f(z) 
into [f (4 - f  W z h as an isometric adjoint in 9. These conditions imply that 
the overlapping space .9 is isometrically equal to a space Y(B). The space is 
contained in g(z) and the inclusion does not increase norms. 
Another basic concept in the perturbation theory of nonunitary transforma- 
tions is the extension space 9(B) of a space S(B). This is a Hilbert space 
whose elements are pairs of power series with vector coefficients. A pair 
(f(z), g(x)) belongs to B(B) if f(z) belongs to Z’(B) and if g(a) = C a,~‘~ 
where 
x”+lf(z) - B(z) (a& + ... + a,) 
belongs to Z(B) for every nonnegative integer n and if the sequence of numbers 
// .la+lf(.z) - B(z) (a$? + .*. + a& + j a, I2 I ..’ -:- / a, I2 
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is bounded. The sequence is nondecreasing. Its limit is taken as the definition 
of ll(fM &))II&B) * 
The space S(B) is a Hilbert space. The transformation which takes (f(z), g(z)) 
into f(z) is a partial isometry of g(B) onto Z(B). The identity 
holds for every element (f(z), g(z)) of the space. The pair 
([l - B(z) B(w)] c/(1 - ZU), [B-B*(z) - B(w)] c&z - W)) 
belongs to the space for every vector c when 1 w 1 < 1. The identity 
zf 64 
= {(f(z),g(z)), ([I - B(z) @Jll c/(1 - zw), [B*(4 - &)I c/b - wm, 
holds for every element (f(z),g(z)) of the space. The transformation which 
takes (f(z), g(z)) into (g(z), f (z)) is an isometry of B(B) onto .F@B*). 
A relation holds between the extension space of a space Z(B) and the exten- 
sion space of its overlapping space. If P’(0) is the overlapping space of Z?(B), 
then C?(O) is the set of pairs (f(x), g( z )) o e ements of U(z) such that (B(z)f(z), f 1 
-g(x)) belongs to g(B). The identity 
holds for every element (f(z), g(z)) of &,8). 
A perturbation situation is created when two spaces Z?(B) are suitably related. 
If S(A) and Z(B) are spaces such that 
B(z) = [A - A(z)]/[l - U(z)] 
for a number h, / A / < I, then the transformation which takes (f(z), g(z)) into 
([l - xB(z)] f(z), -[I - hB*(z)] g(z)) takes g(A) onto g(B). The identity 
(1 - hX)Il(f(z),g(Z))ll~(A, = IICU - m)lf(4, -41 - hB*@)l gcmm, 
holds for every element (f(z), g(z)) of &B(A). 
This result allows the transformation which takes (f(z), g(z)) into 
([f@) -fm/4 %w - B"(4f(O)) in the space L@(B) to be regarded as a 
perturbation of the transformation which takes ( f(z), g(z)) into ([f(z) - f (0)1/z, 
zg(z) - A*(z) f (0)) in the space B(A). A fundamental identity in this perturba- 
tion situation states that 
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W) f(O) 
for all elements (f(z), g(z)) of 9(A) and (U(Z), v(z)) of 9(B). 
The generalization of the wave limit in the perturbation theory of nonunitary 
transformations is a transformation of the overlapping space of Z’(A) onto the 
overlapping space of Z(B). 
THEOREM 2. If.%(A) and &‘(I?) are spaces such that 
B(z) = [A - A(z)]/[l - X24(z)] 
for a number h, / X 1 < 1, then the transformation which takes f(z) into 
[I - B(z)] f  (z) takes X(A) onto X’(B) and the identity 
holds for every element f  (z) of .X(A). I f  S?(v) is the overlapping space of .@(A) and 
if L??(4) is the overlapping space of S(B), then a transformation W(#, p’) of U(F) 
onto S’(#) exists such that the identity 
<&4> h(4) + G-(4> 11 - ~W4149) = 0 
holds for ev@y element h(z) of U( z w ) h enever W(#, v) takes f(z) into g(x). I f  
W(#, 9’) takes f(x) into g(z), then 
and the identity 
(1 - xx> Ilf (4&M = I/ g(4llb(&, 
CL1 - ~W41 A(4f (4, h(+B - @(4g@)> h(4)B = Kf(4, h(z)) 
hoZds for every element h(z) of Z(B). The transformation takes [f (2) - f  (O)]/z 
into [g(z) - g(O)]/z whenever it takes f  (z) into g(z). 
The transformation W(+, ‘p) will be called the wave limit of dp(cp) onto Z(#). 
A mixed perturbation situation is created in the context used to construct 
spaces 9(v) from spaces Z’(B). I f  L?(T) and S(B) are spaces such that 
then the transformation which takes (f(z), g(z)) into ([f(z) - f  (0)1/z, zg(z) f  
f(0)) in b(v) and the transformation which takes (f(z), g(z)) into 
Of (4 - f  w=7 %e> - B*@)f (ON 
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in B(B) can be regarded as perturbations of each other. A fundamental identity 
of this perturbation theory states that 
WfP) = a[1 + W)lf(49-+ + B”(41 g(4), @(a whm 
- <Cl + w41 Km> --f(w~~ 41 + B*(4l kc4 +mlh 
x ([u(z) - ~(o)liz> z+) - B*(z) u(o))>9(B) 
for all elements (f(z), g(z)) of a(~,) and (U(Z), W(X)) of g(B). 
The analog of the wave limit is a partial isometry of P’(q) into the overlapping 
space of Z?(B). 
THEOREM 3. If 2’(y) and Z(B) are spaces such that 
w = 11 - d411r.1 + Yc41~ 
then the transformation which takes f(z) into [l + B(z)]f(z) is an isometry of 
S(cp) onto Z(B). If Z(B) is the ooerlupping space of Z?(B), a partially isometric 
trunsformation W(b, p’) of S(q) into g(8) exists with these properties: The truns- 
formation takes f  (z) into g(z) whenever f  ( z is a square summable element of 2’(v) ) 
and g(z) is the element of %(a) such that 
<g(z), h(4) = <f(z), [1 + WI 44) 
for every element h(z) of q(z). Th e norm of g(z) in P’(0) is eqnul to the norm off(z) 
in 9((p) whenever f(z) and g(z) are so related and the identity 
<B(z) A’(Z), h(Z>>B - ([I + B(z)] f(Z), h(Z)>B = -(f(z), h(z)), 
holds for every element h(z) of Z(B). The kernel of the transformation is the 
orthogonal complement in .3(v) of the square snmmuble elements of the spuce.fThe 
transformation tahes [f(z) -f (0)1/z into [g(z) - g(O)]/z whenever it takes f(z) 
into g(z). The adjoint W(v, 0) of IV(b, ‘p) is the transformation which takes f  (z) 
into g(z) whenever g(z) belongs to the closure in 9((p) of the squure summuble 
elements of the space and the identity 
(g(z), hW,(,, - @(z)f(z), [l + W41 W>>B = <f(z), h(z)) 
holds for every square summable element h(z) of .9(q~). The transformation is a 
partial isometry which takes [f(z) -f (0)1/z into [g(z) - g(O)]/z whenever it 
takes f  (z) into g(z). 
The transformation W(O, 9’) will be called the wave limit of 2’(q) into Z’(e) 
and its adjoint W(cp, 0) will be called the wave limit of Z’(B) into ~Z’lip(q~). The 
mixed wave limits are related to the wave limits in the perturbation theory of 
unitary transformations. 
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THEOREM 4. Let 9(v), 9(+), and Z(B) be spaces such that 
d4 = r1 - w41/u + m41 and ?Nz) = [1 + &41/[l - +)I, 
and let 9(O) be the overlapping space of X(B). Then the identity 
- W(b p’) = W($7 6) we, p’) 
holdsfor the wave limits W(#, 9’) of U(y) into dip(#), W(0, v) of Z(q) into 2(O), 
and W($, 0) of .9(d) into S?(#). 
The study of the wave limit W($, p’) is thereby reduced to the determination 
of the ranges of the partially isometric wave limits lV(O, v) and W(e, #), which 
have an elementary characterization. 
THEOREM 5. Let Z(q) and X’(B) b e s p aces related as in Theorem 3, and let 
W(O, q~) be the wave limit of P’(y) into the overlapping space 9(“(e) of X(B). Then 
S’(O) is contained in 9(2 + 2B) and the inclusion does not increase norms. All 
polynomials with vector coejicients belong to du(2 f  2B). The orthogonal comple- 
ment in 9(2 + 2B) of thesepolynomials coincides with the orthogonal complement in 
S?(B) of the range of W(t?, 9’) and is the set of elements of -r;“(O) which have the same 
norm in Z(b) as in S?(2 + 2B). The extension space 8(e) of Z?(e) is contained in 
the extension space 6(2 + 2B) of DEp(2 + 2B) and the inclusion does not increase 
norms. A necessary and su$icient condition that an element f  (z) of Z(O) have the 
sume norm in 9(O) us in P(2 + 2B) is that (f(z), g(z)) has the same norm in c?(d) 
as in 6(2 + 2B) for some element g(z) of L?(O*). 
Another characterization of the range is obtained using the boundary value 
function theory for analytic functions which are represented by square summable 
power series. If f  (z) belongs to V?(z), an essentially unique measurable vector 
valued function f  (eit) of t in the reals modulo 27r exists such that 
2n Ilf (z)l12 = \‘” I f  (eV dt, 
‘0 
and 
271.f (w) =-: iyT f  (et”) (1 - e-%-l dt, 
0 = Jo2” f  (eit) (e-it - w)-1 dt, 
when 1 w 1 < 1. A boundary value function f(@) will be defined more generally 
for an element (f(z), g(z)) of b(l) so that 
277 l:f(z)ll” + 277 /j g(z)il” = [“” 1 f(eit)12 dt 
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and 
27rf(w) = ~oznf(eit) (1 - e-%-l dt 
and 
when /WI <l. 
2ng(w) = /02mf(eit) (ecit - w)-’ dt, 
Hilbert spaces of vectors are used in the study of boundary value functions. 
If P is a nonnegative operator, let g(P) be the unique Hilbert space of vectors 
such that Pa belongs to the space for every vector a and such that the identity 
Gb = (b, Pa), 
holds for every element b of the space. 
If B(s) is a power series with operator coefficients such that a space S(B) 
exists, a measurable operator valued function B(eit) of t in the reals modulo 27r 
exists such that B(&)f(eit) is th e b oundary value function of B(z) f(z) whenever 
f(z) is an element of U(z) with boundary value function f(@). The boundary 
value function B(eit) is essentially unique and its values can be chosen bounded 
by one. The boundary value function is used to construct the overlapping 
space of X(B). 
THEOREM 6. If&‘(B) * g zs a iven space with overlapping space 9(O), a necessary 
and mficient condition that an element (f(z), g(z)) of c?( 1) belong to 8’(O) is that its 
boundary value function f (eit) satisfy the condition 
s 
2n II f (eit)ll~(l-B(e’“)B(eit)) dt < ~0. 
0 
In this case the integral is equal to 
A necessary and suficient condition that ( f(x), g(z)) belong to ~572 + 2B) is that 
In this case the integral is equal to 
277 ll(fG4, &))ll&2+2B) . 
A decomposition is used to compute the range of the wave limit from a 
knowledge of boundary value functions. 
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THEOREM 7. If  B is an operator which is bounded by one, the space %‘( 1 - BB) 
is contained in the space V(2 + B + B) and the inclusion does not increase norms. 
The operator 1 + B is a transformation of %? into %(2 + B + B) which does not 
increase norms. The orthogonal complement of the range of the transformation in 
%(2 + B + B) is contained in %( 1 - BB) and is the set of elements of @( 1 - BB) 
which have the same norm in %?(I - BB) as in %?(2 + B + B). 
Nonzero elements of %(I - BB) may exist which have the same norm in 
V(1 -BB)asinV(2+B+B). E xam pl es are found when $7 is the Hilbert 
space of square summable power series with complex coefficients. Let y(z) be a 
power series with complex coefficients which represents a function with 
nonnegative real part in the unit disk. Then multiplication by A(x) = 
[1 - d4l/l3 + d41 is a transformation in the space of square summable 
power series with complex coefficients which is bounded by one. Let B be the 
adjoint of multiplication by A(z) as a transformation in this space. Then 
‘X(1 - BB) is isometrically equal to the space which is called Z(A) in the 
notation for square summable power series with complex coefficients. The 
elements of %‘(l - BB) which have the same norm in V( 1 - BB) as in 
%‘(2 + B + B) are the orthogonal complement in V(1 - BB) of the elements 
of the space of the form A(a) f ( ) f z or a square summable power series f (z) with 
complex coefficients. 
A computation of this space is made using the Poisson representation of func- 
tions which are analytic and have nonnegative real part in the unit disk. Let p(t) 
be a nondecreasing function oft, 0 < t < 27r, such that 
Rep)(w) = (1 - 1 w 1”)/27r I”” dp(t)/j 1 - e@w I2 
0 
when j w ; < 1. Let p(t) = PO(t) + PI(t), where PO(t) and PI(t) are nondecreasing 
functions of t, 0 < t ,( 277, such that dpo(t) is singular with respect to Lebesgue 
measure and dp,(t) is absolutely continuous with respect to Lebesgue measure. 
Let 44 = ~~(4 + 74 z 1 f or ower series with complex coefficients representing p 
functions with nonnegative real parts in the unit disk given by the last formula 
with subscript K on p)(z) and p(t) for K equal to zero and one. Let Z, Ho , and 
Z1 be the Hilbert spaces of constants which are denoted Z(q), 9(po), and 
g(,pr) in the notation for square summable power series with complex coeffi- 
cients. Then Z. and X1 are contained isometrically in X and form an ortho- 
gonal decomposition of the space. Multiplication by 1 + A(z) is an isometric 
transformation of Z onto V(1 - BB). It takes 2s isometrically onto the set of 
elements of %?( 1 - BB) which have the same norm in %‘(l - BB) as in 
9?(2 + B + B). 
Despite this example it is a common occurrence that no nonzero element of 
Q(1 - BB) has the same norm in ‘S?(l - BB) as in V(2 + B + B). In applica- 
tions to perturbation theory, this means that the mixed wave limit of Theorem 3 
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frequently has the full overlapping space P’(B) as its range. Such results for 
mixed wave limits are obtained from their relation to the wave limits for non- 
unitary operators. Some form of dominated convergence is needed for the 
limiting procedure involved to be well-behaved. A hypothesis is offered which 
produces the desired effect. 
THEOREM 8. Let Y”(p) and Z(B) be spaces related as in Theorem 3, let Z’(0) 
be the overlapping space of S’(B), and let X be a given number, 0 < h < 1. Let 
Z(q,) be the overlapping space of &‘(B,), 
B,(x) = [B(x) + 4/u + hB(x)l. 
Assume that the inequality 
llf(~>ll” - 2 II BMf (~)ll” + II BH2f (41” z - (1 - h)-l IILl + %4l”f (41” 
holds for every element f  (x) of U(x). Then the inequality 
II f+4%(1+d G (1 - x2> Ilf (~>ll%cs,, 
holds for every element f(x) of P(0,). 
The hypothesis is satisfied, for example, if the inequality I/ B(z) f  (x)11 > 
11 B*(z) f  (z)ll holds for every element f(z) of G+z). When the hypothesis is 
satisfied, the norm of 2’(1 + 9’) becomes an effective majorant for the limiting 
behavior of nonunitary wave limits. 
THEOREM 9. Let U(q) and S(B) be spaces related as in Theorem 3, and let 
5?(q) be the overlapping space of X(B). A ssume that a number h, 0 < h < 1, 
exists such that the inequality 
llf @II2 - 2 II B(4f (41” + II BM2f (aI2 2 -0 - 4-l IN1 + &>12f (41” 
holds for every element f  (z) of V(z). Then the wave limit W(0,v) of 2’(v) into Z(q) 
takes P(v) 0nt0 z(e). 
Computable examples illustrating the theory are obtained when p)(z) is a 
rational function. 
THEOREM 10. I f  ~(0) and U are operators, do) with nonnegative real part, 
such that 
do) + O(O) = wP(0) + $91 Q, 
then a space 2’(p) exists, 
d4 = (1 - ,w-l ht0) + ~WO)l, 
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and the identity [f(z) -f(O)]/2 = Uf(z) holds for every element f(z) of the 
space. 
Corresponding examples are obtained when B(z) is a rational function. 
THEOREM 11. I f  B(0) and S are operators, B(0) bounded by one, such that 
1 - B(O) B(O) = S[l - B(O) B(O)] s, 
then a space X(B) exists, 
B(z) = [I - zSB(O)]-1 [B(O) - ZS], 
and the identity [f(z) -f (O)]/.z = SB(0) f  (0) holds for every element f(z) of the 
space. The identity [S - zB(O)] f(z) = Sf(0) holds for every element f(x) of 
Z(B*). The identity [B(O) - Sz] f  (z) = B(O)f(O) holds for every element f(x) 
of the overlapping space 9(e) of X(B). 
The spaces Y(p) and X(B) so obtained are properly related to each other. 
THEOREM 12. If q(O) and U aye operators which satisfy the hypotheses of 
Theorem 10, then 
W) = 11 - PK91/[1 + P(O)1 
and 
s = [I - dW w + am 
are operators which satisfy the hypotheses of Theorem 11, and 
In such examples multiplication by B*(z) is isometric in g(z) under a hypoth- 
esis natural to the situation [4]. It is that the equation [S@O) - z] f(z) = 
SB(0) f  (0) has no nonzero solution f  (a) in U(z). The condition is satisfied for 
example if S&O) is bounded by one. 
Proof of Theorem 1. Iff (2) = a, + a,z + a23 + *** andg(z) = b, + b,z + 
b,z2 + ... are power series with vector coefficients, define 
<f (4, g(4), = &a, + **. + &a, . 
If (f(z), g(x)) is an element of b(q), define elements (fn(z), g,(a)) of 8(y) 
inductively for every nonnegative integer n so that fO(.z) = f(z) and g,(a) = g(s) 
and so that fn+l(.4 = [f&4 - fn(0)l/x and g,+,(z) = xg&) +fJO), for every 
n. If (U(Z), v(z)) is an element of &(#), define elements (U,(Z), v~(z)) of d(#) 
inductively by the same method. Since 
zL(O)fn(O) = ((f&), g,(4)> (P)(4 %(47 -Y*@) v&))kW 
- ((fn+l(4, g,+&4), (44 %+1(4, -V”@) vTz+l(4)~8(~) 
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for every index n, 
It follows that an isometric transformation S, of b(~) into b(#) exists such that 
the identity 
holds for every element (U(Z), V(X)) of &(#) whenever S, takes (f(z), g(a)) into 
(h(z), K(z)). In th e case that f(z) = 0, then u(z) = 0 and k(z) = -tj*(z)g(z). 
The stated results are derived in an obvious way in the limit of large n. 
Proof of Theorem 2. Since 
[l -X4(z)] [I - M(z)] = 1 - AA, 
where 1 - Ax is positive, a unique Hilbert space 2’ of square summable power 
series exists such that the transformation which takes f (x) into [1 - ti(a)] f (z) 
takes .%?(A) onto LX? and such that the identity 
holds for every element f (z) of &‘(A). It follows that the identity 
(1 - AX) < f (4 &aA = a1 - W4lf (43 [1 - ~W)l de.% 
holds for all elements f (z) and g(x) of #(A). Since 
[l -XB(z)] [l - A(x) &4J)] [l -M(w)] = (1 - AX) [l - B(x) B(w)], 
the series [I - B(x) B(w)] c/( 1 - XW) belongs to &’ for every vector c when 
/ w [ < 1 and the identity 
q(w) = <f(Z), [l - B(z) B(w)] c/(1 - ,=q>.Gf? 
holds for every element f(z) of 2. It f o 11 ows that 2 is isometrically equal to 
w9 
If f (z) belongs to the overlapping space P(rp) of %‘(A), consider the unique 
element g(z) of U(z) such that the identity 
<L?(4> 44) + <fM, [l - w41&4) = 0 
holds for every element h(z) of g(z). By the theory of minimal decompositions 
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of an element of %‘(a) with respect to Z(B), /\f(z) - B(z)f(z) - B(z)g(z) 
belongs to X(B) and the identity 
WC4 - %4f(4 - w4 &I, W>>B = w(4,43) 
holds for every element h(x) of s(B). Since A(z)f(z) belongs to &‘(A), 
P - fwlf(4 = P - W4144fc4 
belongs to 3?(B). So B(z)g(z) belongs to Z(B) and g(z) belongs to the over- 
lapping space 8(1,4) of X(B). Also 
II &)ll%w 
= II d4l” + II w9 &>lli 
A similar argument will show that if g(z) belongs to Z(4), then the unique 
element f(z) of g(z) such that the identity 
<g(z), h(z)) + (f(Z), [l - xB(z)] 44) = 0 
holds for every element h(x) of W(z) belongs to 9(p). So a unique transformation 
W/i 94 of =!%4 OntO Wf9 exists which takesf(z) intog whenever the identity 
holds for every element h(z) of V(z), and in this case 
The identity 
<[l - w4144fM &+B - @(4 &w> W>B = Xfc4, W) 
holds when h(z) = [l - B(x) B(w)] c/(1 - ZW) for a vector c and a number w, 
1 w 1 < 1, because it can be written 
(g(2), B(w) c/(1 - 2%)) + (f(Z), [I - XB(z)] B(w) c/(1 - ZW)) = 0. 
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The identity follows by linearity and continuity for every element h(z) of X(B) 
because s(B) is the closed span of such elements [I - B(z) B(w)] c/(1 - XW). 
Note that iff(z) and g(x) are elements of U(z) such that the identity 
<g(z), h(4) + <f(Z), [l - XB(z)] h(z)> = 0 
holds for every element h(z) of U(z), th en the same identity holds with h(z) 
replaced by z&z). An equivalent identity is then 
Proof of Theorem 3. The argument is analogous to the proof of Theorem 2 
except that now the isometry which takes f(z) into [l + B(x)]f(z) of %‘(~p> 
onto .%‘(B) exists by the construction of the space L?(v). 
I f  f  (z) is a square summable element of 5?(v), consider the unique element 
g(z) of V(x) such that the identity 
<&), 44) = < f (4, [I + W+l 44) 
holds for every element h(z) of U(z). By the theory of minimal decompositions 
of an element of W(z) with respect to Z’(B), f(z) + B(z) f  (z) - B(x) g(a) 
belongs to X(B) and the identity 
< f  (4 + 44f (4 ~ B(z) g(z), h(4)B = < f  (4 h(z)> 
holds for every element h(z) of Z(B). S ince [ 1 + B(z)] f(z) belongs to X(B), 
B(z)g(z) belongs to .X’(B) and g(z) belongs to the overlapping space P(O) of 
i%?(B). Also 
The identity 
<-W) &I, W)>B - <iAl + +)I f  (4, h(z)>, = -< f  (4, h(z)> 
409/57/2-‘1 
408 LOUIS DE BRANGES 
holds when h(z) = [ 1 - B(x) B(w)] c/( 1 - ZW) for a vector c and a number w, 
) w 1 < 1, because it can be written 
<&), w4 41 - N)> = <“+), [l + q.41 B(w) c/(1 - -9). 
The identity follows by linearity and continuity for all elements h(z) of Z’(B) 
because 2’(B) is the closed span of such elements [I - B(z) B(w)] c/(1 - ZU). 
If f(z) and g(z) are elements of %2(z) such that 
for every element h(z) of U(z), then 
for every element h(z) of V(z). 
The adjoint W(y, 0) of W(0, p) is the partially isometric transformation 
whose kernel is the range of IV(e, 9’) and which takes f(z) into g(z) whenever 
g(z) is a square summable element of Z(v) and W(0,~) takes g(z) into f(z). 
Since the identity 
holds for every element h(z) of X’(B) and since the identity 
holds for every element h(z) of V(z), the identity 
holds for every square summable element h(z) of 5?(v). 
The same identity holds with g(z) = 0 when f(z) is orthogonal in 9(e) to the 
range of W(f9, IJJ). F or if W(fJ, p’) takes h(z) into k(z), then 
<f(4, &Dzw = cf(4YW)) + Gwf(4, B&4 WDB = 0, 
where 
and 
< f(4,kW = <[l - %4lf(4> 44) 
by the theory of minimal decompositions of an element of %?(.z) with respect to 
=v9 
A straightforward calculation using the identity will show that W(y, 0) takes 
LW - f(o>lb into M4 - AW z whenever it takes f(z) into g(z). 
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Proof of Theorem 4. Let f (z) be a square summable element of P(v), let 
g(z) be the element of 9(O) obtained from f(z) under the action of W(O, p)), 
and let K(x) be the element of P($) obtained from f(z) under the action of 
W(#, IJI). By Theorem 1, the identity 
holds for every square summable element u(x) of P(#). By Theorem 3, the 
identity 
m4 gm 44>B - 01 + w41 f (4, W>B = 4 f (9, w> 
holds for every element U(X) of Z(B). Since the identity 
@k) &), 11 - +)I +>>B - (11 + B(z)l fb), [1 - +)I u(z)>B 
= -<fM, [1 - ~(41+4> 
holds for every square summable element U(Z) of P’($), since 
< f (d dx) U(z))Zkd = ([l + +)I fk), L1 - %)I u(z)>B 9 
and since 
the identity 
holds for every square summable element U(Z) of 9(#). By Theorem 3, W(#, 9’) 
takes g(z) into -h(z). 
Proof of Theorem 5. These results are best seen from a schematic formulation 
of the theory of minimal decompositions of an element of W(x) with respect to 
#(I?). Let T be multiplication by B(z) as a transformation in V?(s) and let T* 
be its adjoint in U(z). Then the transformation 1 - TT* coincides with the 
adjoint of the inclusion of X’(B) in g(z). Th e t ransformation 1 - T*T coincides 
with the adjoint of the inclusion of Z(O) in V(x). 
Consider the range A(1 + T) of multiplication by 1 + B(z) as a Hilbert 
space with the unique norm which makes multiplication by 1 + B(x) an 
isometry of U(z) onto A(1 + T). By the proof of Theorem 1, the series 
[l + B(z)] [I + B(w)] c/(1 - ZW) belongs to A(1 + T) for every vector c 
when j w 1 < 1 and the identity 
holds for every element f(z) of the space. 
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Let &’ be the Hilbert space consisting of all elements h(a) of U(z) of the form 
h(z) =f(z) + g(x) with f(z) in X(B) and g(z) in &‘(l + T), 
where the infimum is taken over all such representations h(z) =-f(z) + g(s). 
By the theory of minimal decompositions, the series 
12 + B(z) + B(w)1 c/(1 - z@) 
= [l - B(z) B(w)] c/(1 - xw) + [I + B(z)] [l + B(w)] c/( 1 - zw) 
belongs to ~8’ for every vector c when / w j < 1 and the identity 
holds for every element f(x) of 2. It follows that X? is isometrically equal to 
q2 + 2B). 
This construction is used to compute the adjoint of the inclusion of 
9’(2 + 2B) in V(z). Since the adjoint of the inclusion of X(B) in U(z) is 
1 - TT* and since the adjoint of the inclusion of &(l + T) in U(z) is 
(1 + T) (1 + T*), the adjoint of the inclusion of 5?(2 + 2B) in U(z) is 
2 + T + T*. 
The same constructions are now made with T replaced by T*. Let JG’( 1 + T*) 
be the range of 1 + T* in the unique norm which makes 1 + T* a partial 
isometry of g(z) onto A(1 + T*). Then Y(2 + 2B) is the set of elements h(z) 
of %7(z) of the form h(x) =f(z) + g(s) withf(z) in 9(e) andg(z) in .M( 1 + T*), 
the infimum taken over all such representations h(z) = f(z) + g(z). 
It follows that the inclusion of Z”(6) in P’(2 + 2B) does not increase norms. 
A space 372 + 2B - 0) exists and is isometrically to A(1 + T*). The elements 
of 5?(e) which have the same norm in B(B) as in 372 + 2B) are the orthogonal 
complement of 532 + 2B - 0) in 372 + 2B). They are also the orthogonal 
complement in 3’(e) of the elements of 5?(B) in 972 + 2B - 0). 
Since 1 $ T* takes [f(z) -f(O)]/z into [g(z) - g(O)]/z whenever it takes 
f(z) into g(z), it takes polynomials into polynomials without increasing degrees. 
Since polynomials are dense in the domain of 1 + T*, they are dense in its 
range. Since the operator 1 + B(0) h as an everywhere defined and bounded 
inverse, all elements of % belong to the range of 1 + T*. It follows that all 
polynomials with vector coefficients belong to the range of 1 + T*. 
Since 9(e) is contained in 9(2 + 2B) and since the inclusion does not 
increase norms, it follows from the definition of extension spaces that &p(B) is 
contained in 6(2 + 2B) and that the inclusion does not increase norms. For the 
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same reason 6(2 + 2B - 0) is contained in 8(2 + 2B) and the inclusion does 
not increase norms. Every element (u(z), ~(.a)) of 8(2 + 2B) is of the form 
with (f(z), g(z)) in 6(O) and (h(z), k(z)) in 6(2 + 2B - 0). The inequality 
ll(u(4, “(~))11~(2+2B) G ll(f(4, &))11&?, + llv44~ wM(2+2B-69 
is satisfied for every such decomposition. A minimal decomposition always 
exists for which equality holds. 
The elements of Q(O) which have the same norm in s(O) as in 6(2 + 2B) 
are the orthogonal complement of 6(2 + 2B - 0) in 6(2 + 2B). They are also 
the orthogonal complement in &‘(O) of the elements of 6’(O) which belong to 
dq2 + 2B - e). 
Since all polynomials belong to 972 + 2B - O), every element (f(z), g(z)) 
672 + 2B) such that f(z) is a polynomial belongs to the closure of 
6(2 + 2B - 0) in 6(2 + 2B). Every element (f(z), g(z)) of L?(O) such thatf(x) 
is a polynomial belongs to the closure in 6’(O) of ,the elements of L?(O) which 
belong to 6(2 + 2B - 0). 
It follows that if an element (f(a), g(x)) of 6’(O) has the same norm in 8(O) as in 
6(2 + 2B), thenf(z) has th e same norm in Z(O) as (f(z), g(z)) does in g(O), 
f(z) has the same norm in 972 + 2B) as (f(z), g(z)) does in 6(2 + 2B), and 
f(z) has the same norm in 5?(O) as in 9(2 + 2B). 
If f(z) is an element of 5?(O) which has the same norm in P(B) as in 
5?(2 + 2B), then an element g(z) of q(z) exists such that (f(z), g(z)) belongs to 
6’(O) and has the same norm in &‘(O) as f(z) does in 9(O). Since the norm of 
(f(4, g(4) in g(2 + W cannot be less than the norm of f(a) in 8(2 + 2B), 
the norm of (f(z), g(z)) in s(O) is equal to the norm of (f(z), g(z)) in 6(2 + 2B). 
Proof of Theorem 6. If P(eit) is a measurable operator valued function of 
real t, which is periodic of period 277, and if its values are nonnegative operators 
which are bounded independently of t, let I?(P) be the Hilbert space of (equiv- 
alence classes of) measurable vector valued functionsf(eit) of real t, which are 
periodic of period 27, such that 
When P(eit) = 1 identically, the usual Hilbert space P(1) of square integrable 
vector valued functions is obtained. In the general case, L2(P) is contained in 
L2(1). Completeness of the space follows from the completeness of La(l). 
412 LOUIS DE BRANGES 
Note that when f(&) = P(eit) g(eit) f or a measurable vector valued function 
g(@>, 
The space L2(P) is applied in connection with a space L?(F) when the Poisson 
representation of Re y(w) is 
s 211 Re v(w) --= (1 - j w 12)!27r P(eit) dt/l 1 - e@w j2, 0 
for I w i < 1. Since every functionf(eit) which belongs to L2(P) belongs to L2( l), 
it is the boundary value function of an element (f(s), g(z)) of b(l). This element 
belongs to E(p) and the transformation takingf(eat) into (f(z), g(a)) so defined 
is an isometry of L2(P) onto C?(F). The verification is made in an obvious way 
using particular elements of L2(P) which yield computable integrals when used 
for inner products. These are for every vector c and every number w, / w I < 1, 
P(est) c/(1 - et%), which is the boundary value function of 
w?+) -:. q(w)1 4 - =q, 3[?*(4 - dfql c/@ - q, 
and P(&) c/(eit - a ), which is the boundary value function of 
w?44 - d41 c!i(z - i% ab?w + d@l c/u - zfa* 
The boundary value function theory is applied first in the case v(z) = 
2 + 2B(z) and P(eit) 7: 2 + B(eit) + B(eit). If states that an element (f(z), 
g(x)) of b(l) belongs to 6(2 + 2B) if, and only if, its boundary value function 
f(e”“) satisfies the condition 
in which case the integral is equal to 
The boundary value function theory is next applied when P(eit) = 
[l + B(eit)] [l + B(eit)] in order to compute the corresponding function 4~). 
In this case an element (f(z), g(z)) of b(l) belongs to S(v) if, and only if, its 
boundary value function f(e”“) is of the form f(eit) 2 [l 7 B(eit)] h(eit) for an 
element h(eit) ofL2(1). The norm of (f(z), g(z)) in C?(T) is then equal to the norm 
of h(eit) in La(l). By the proof of Theorem 5, p)(z) = 1 + B(z) - e(x). 
The boundary value function theory is also applied in the case that P(eit) = 
1 - &eit) B(eit), in which case F(Z) =-= O(z) by the proof of Theorem 5. An 
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element (f(z), g(z)) of d(l) belongs to C?‘(O) if, and only if, its boundary value 
function f(eit) satisfies the condition 
in which case the integral is equal to 
Proof of Theorem 7. The theorem restates, in a different notation, results 
which have already been verified in the proof of Theorem 5. 
Proof of Theorem 8. The theorem is proved by a schematic use of the theory 
of minimal decompositions, as in the proof of Theorem 5. Let T be multiplica- 
tion by B(z) as a transformation in F(x) and let T* be its adjoint in U(z). Then 
(1 - h2) (1 -j- AT*)-I(1 - T*T)(l + XT)-l 
is the adjoint of the inclusion of P(O,) in U(z). By Theorems 1,3, and 4, 1 + T* 
takes every square summable element f (z) of P(1 + 9’) into an element g(z) of 
6p(2 + 2B) which has the same norm in Y(2 + 2B) as f (z) does in 8(1 + 9)). 
Since the elements of T(f?,J are square summable and since 2 + T + T* is 
the adjoint of the inclusion of 6p(2 + 2B) in V(x), the conclusion of the theorem 
is equivalent to the inequality 
(1 + T*)(l +hT*)-I(1 - T*T)(l +AT)-l(l + T)<2+ T+ T*, 
which follows from the hypotheses of the theorem because they can be written 
(1 - h)2 (1 - T*T) + (1 - h)2 (1 + T”) T*T(l + T) 
+ A(1 - A) (1 - 2T*T + T*2T2) + A(1 + T*)2 (1 + T)2 
>, 0. 
Proof of Theorem 9. The schematic notation from the proofs of Theorems 5 
and 8 is again used. Let T be multiplication by B(z) as a transformation in g(z) 
and let T* be its adjoint in V(x). By Theorem 5, it must be shown that an element 
f of Z(B) vanishes if it has the same norm in g(O) as in Z(2 + 2B), or equiv- 
alently if it is orthogonal in P(2 + 2B) to the range of 1 + T*. 
By Theorem 2, (1 + AT*)-l f belongs to g(O,,) and 
(1 - A”) IIU + XT*)-‘f Ik~+m) < Ilf Ibe . 
By Theorem 8, 
IIU + XT*)Yflla~+e) < Ilfll.ew . 
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As in the proof of Theorem 2, (1 + T*) (1 + AT*)-lf belongs to 972 + 2B) 
and 
ll(l + T*) (1 + ~W1flla(z+zs) < llflls?(z+zi3, * 
Since as h approaches one, 
lW(l + T*) (1 + hT*)-lf, g)3hf2B) = (f, g)2;P(z+zB) 
for a dense set of elements g of 8(2 + 2B), the same conclusion holds for every 
element g of 572 + 2B) and 
lim (1 + T*) (1 + hT*)-lf = f 
in the metric of LZ(2 + 2B). Since f is orthogonal in 9(2 + 2B) to every one 
of the approximating elements by construction, it is zero. 
Proof of Theorem 10. Since 
[y(z) + @u)]/(l - XW) = (1 - xU)-l [V(Z) + q(O)] (1 - aDi>-‘, 
the hypotheses imply that the real part of y(w) is nonnegative in the unit disk. 
So a space L?(p) exists. The identity [f(z) -f (0)1/z = Uf (s) is easily verified 
whenf 64 = h44 + &414U - zu > f or a vector c and a number w, 1 w 1 < 1. 
The identity follows by linearity and continuity for all elements f(a) of 3’(y). 
Proof of Theorem 11. Since 
[I - B(z) B(w)]/(l - xw) = [l - zSB(O)]-1 [l - B(O) B(O)] [l - G?(O) q-1, 
the operator B(w) is bounded by one in the unit disk. So a space .8’(B) exists. 
The identity [f(z) -f (0)1/z = S&O) f (0) is easily verified when f(z) = 
[I - B(z) B(w)] c/(1 - Z?q f or a vector c and a number w, 1 w 1 < 1. The 
identity follows by linearity and continuity for all elements f(z) of Z(B). 
The remainder of the proof depends on the identity 
[S - zB(O)] [B(O) - ZS] = [SE(O) - z] [l - ZB(0) S] 
which follows from the hypotheses of the theorem. It follows that 
[S - 223(O)] [l - B*(x) B(U)] [S - &qO)]/(l - 23%) = 1 - B(O) B(O). 
The identity [S - zB(O)] f (z) = Sf (0) is easily verified for an element of %‘(B*) 
of the form 
[l - B*(z) B(@)] [S - &I(O)] c/(1 - zq 
for a vector c and a number w, 1 w / < 1. The identity follows by linearity and 
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continuity in the closed span of these elements. But if an elementf(z) of &‘(B*) 
is orthogonal to these elements, [S - zB(O)] f(z) = 0, and the identity holds in 
this case also. So the identity holds for every element g(z) of X(B*). 
Since Y(e*) is contained in #(II*), the same identity holds for every element 
f(z) of 3(0*). By the theory of extension spaces, the identity [B(O) - Sz]f(z) = 
B(O)f(O) holds for every elementf(z) of Z(B). 
Proof of Theorem 12. These results are verified by the obvious calculations. 
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